We exhibit the elementary but somewhat surprising property that most direct links of prime ideals in Gorenstein rings are equimultiple ideals. It leads to the construction of a bountiful set of Cohen-Macaulay Rees algebras.
Introduction
Grosso modo, a link of an ideal p of a Noetherian ring R is an ideal of the form I = (z): p, where z = z 1 , . . . , z g is a regular sequence and g is the codimension of p. This is a very common operation in commutative algebra, particularly in duality theory, and plays an important role in current methods to effect primary decomposition of polynomial ideals (see [2] ).
More precisely, let (R, m) be a Cohen-Macaulay local ring, and let I and J be two ideals. I and J are said to be linked if there exists a regular sequence z = z 1 , . . . , z g ⊂ I ∩ J such that I = (z): J and J = (z): I. If R is a Gorenstein ring and J is an unmixed ideal, then for any regular sequence z 1 , . . . , z g ⊂ J, where g is the codimension of J, the ideals J and I = (z): J are linked (see [10] ). In this case we simply say that I is a link of J.
To frame our results we recall a notion of Northcott-Rees (see [9] ). An ideal J ⊂ I is a reduction of I if JI r = I r+1 for some integer r; the least such integer is the reduction number of I with respect to J. Phrased otherwise, this means that
is a finite morphism of the associated Rees algebras, and r is the bound of the degrees required to generate R[It] as a module over R [Jt] . If J is generated by a regular sequence the ideal I is said to be equimultiple.
There are comparatively few general classes of ideals in Cohen-Macaulay rings whose associated Rees algebra is Cohen-Macaulay. The most basic case, of an ideal I generated by a regular sequence z = z 1 , . . . , z g , has a very explicit presentation as a quotient of a polynomial ring
where the relations are the maximal minors of a matrix whose two rows are essentially a set of indeterminates. From [1] it follows that R[It] is Cohen-Macaulay.
Other classes of ideals, with Cohen-Macaulay Rees algebras, include maximal ideals with restrictions on their multiplicities, classical determinantal ideals attached to generic matrices, ideals whose Koszul homology modules have conveniently high depths, and ideals having nice reductions.
The ideals studied here are links of a prime ideal p. Most of them turn out to be equimultiple, of reduction number one, provided the localization R p is a Gorenstein ideal. As a consequence, if R is a Gorenstein ring and p is a Cohen-Macaulay ideal then the corresponding associated graded ring will be Cohen-Macaulay. Since ideals such as p are very common, the process described here provides Cohen-Macaulay algebras with a great deal of profusion.
Equimultiple Ideals
The relationship between a regular sequence and the corresponding link of a prime is discussed next. The general terminology used here is that of [7] ; the basic reference for local duality and the theory of the canonical module will be [3] .
Two pieces of notation will be used: if R is a local ring and M is a finitely generated R-module, ν(M ) denotes its minimal number of generators; if furthermore M is Artinian, we denote its length by λ(M ).
Theorem 2.1 Let R be a Cohen-Macaulay ring, p a prime ideal of codimension g, and let z = z 1 , . . . , z g ⊂ p be a regular sequence. Set J = (z) and I = J: p. Suppose that R p is a Gorenstein ring. Then I is an equimultiple ideal with reduction number one, more precisely,
in the following two cases:
(a) R p is not a regular local ring;
(b) R p is a regular local ring of dimension at least 2 and two elements in the sequence z lie in the symbolic square p (2) .
The proof requires the assemblage of 3 elementary techniques. We deal with them separately first.
Reduction to maximal ideals
To establish the equality I 2 = JI, we examine the associated prime ideals of JI. To that end, looking at the exact sequence (see [5] )
it follows that the associated primes of JI satisfy the condition Ass(R/JI) ⊂ Ass(R/I) ∪ Ass(R/J).
Therefore all the associated primes of JI have codimension g, and since I and J are equal at any localization R q , where q is a prime of codimension g, distinct from p, we may finally assume that R is a local ring and p its maximal ideal.
Syzygetic ideals
In making comparisons between the primary ideals I 2 and JI we consider the following diagram: 
I
We need to establish some relationships between these lengths. This will be done in the next result which contains our main computation. 
Proof. Let 0 / / Z / / R d+r / / I / / 0, be a minimal presentation of I. Tensoring with R/I we obtain the exact sequence (see [11] )
where δ(I) accounts for the cycles in Z whose coefficients lie in I. This leads to λ(I/I 2 ) − (d + r)λ(R/I) + λ(H 1 ) − λ(δ(I)) = 0, or equivalently
To account for the left-hand side of (3), consider the following two exact sequences
From the first one we get that λ(I/JI) = λ(J/JI) + λ(I/J), while from the second one we get that λ(I/JI) = λ(I 2 /JI) + λ(I/I 2 ). By comparing the last two equations, we have that λ(J/JI) + λ(I/J) = λ(I 2 /JI) + λ(I/I 2 ), or equivalently
As we remarked earlier, J/JI is a free R/I-module of rank d, so from λ(J/JI) = dλ(R/I), the last equation becomes:
If we compare (5) On the other hand, if δ(I) = 0, from (2), we get the short exact sequence
Now, λ(H 1 ) = λ(R/I) implies that H 1 ≃ R/I and so I/I 2 ≃ (R/I) d , which implies that ν(I) = d (since ν(I) = ν(I/I 2 ) by Nakayama lemma), contradicting the assumption. 
Northcott ideals
Finally, we recall an useful construction introduced by Northcott (see [8] ), that provides for a very explicit description of a family of links. Let R be a Noetherian ring, u = u 1 , . . . , u n a sequence of elements in R, and ϕ = (a ij ) a n × n matrix with entries in R. Denote by v = v 1 , . . . , v n the sequence
If grade (v) = n, the ideal N = (v, det ϕ) (where det ϕ is the determinant of the matrix ϕ) is known as the Northcott ideal associated to the sequence u and the matrix ϕ. It has then three important properties that can be summarized in the next theorem (see [8] ). The case where (u) is the maximal ideal of a regular local ring is particularly interesting: det ϕ will then generate the socle of the Artin algebra R/(v).
Proof of Theorem 2.1. According to Corollary 2.3, we must show that δ(I) = 0, as this leads to λ(I 2 /JI) = 0. As observed earlier, δ(I) = 0 means that I is also generated by a regular sequence. This puts us in the context of Northcott ideals. Since however λ(I/J) = 1, it follows that the ideal N = (J, det ϕ) is perfect and necessarily the maximal ideal of R. In the case that R is not regular, this is a contradiction. In the other case, when at least two of the generators of J lie in the square of the maximal ideal m, we cannot have the equality m = (J, det ϕ) either. 2
Cohen-Macaulay Rees Algebras
In this section we are going to use the results obtained in the previous section-in particular Theorem 2.1-in order to study the properties of the Rees algebras of the links of CohenMacaulay prime ideals. (We use the terminology and some of the methods described in [4] and some of its references.) Proof. First observe that I is a Cohen-Macaulay ideal (see [10] 
